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Motivation
A fundamental question:

How to determine efficient allocation of resources between
individuals?
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Auctions and Interaction

Do we need interaction between individuals in order to determine an
efficient allocation?

Interactive

Non-interactive
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Combinatorial Auctions

n bidders N and m items M + a central planner:
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Combinatorial Auctions

n bidders N and m items M + a central planner:

@ Bidder ¢ has valuation function -
v; 2" — R where v;(5) is the i
value of bidder ¢ for bundle S. |

@ Valuation functions are:

» Normalized %
v(0) =0 -
> I\/Eor)mtone =
v(4) < (AU {j}) g
» Subadditive iy
w(AU B) < v(A) + v(B) ?
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Combinatorial Auctions
n bidders N and m items M + a central planner:

e Bidder 7 has valuation function )
v; 2" — R where v;(S) is the .
value of bidder ¢ for bundle S.

@ Valuation functions are: ?

» Normalized

v(@)=0 -

» Monotone O
v(4) < o(AU{5}) [

» Subadditive -
w(AU B) < v(A) + v(B) ?

e Find an allocation (57,...,5,) -

that maximizes social welfare

>ieN Ui(Si)-
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A Distributed Information Model

@ The valuation function of each bidder is private information.
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A Distributed Information Model

@ The valuation function of each bidder is private information.
@ Communication is needed to obtain an efficient allocation.

@ Bidders communicate in rounds according to some protocol 7.

» In each round, each bidder, simultaneously with others,
broadcasts a message to all parties involved.

@ At the end, the central planner computes an allocation solely
based on the communicated messages.

Communication cost: the total number of bits communicated by all
bidders.

Sepehr Assadi (Penn) Combinatorial Auctions Need Interaction EC 2017



A Distributed Information Model

@ The valuation function of each bidder is private information.
@ Communication is needed to obtain an efficient allocation.

@ Bidders communicate in rounds according to some protocol 7.

» In each round, each bidder, simultaneously with others,
broadcasts a message to all parties involved.

@ At the end, the central planner computes an allocation solely
based on the communicated messages.

Communication cost: the total number of bits communicated by all
bidders.

We are interested in protocols with poly (1, n) communication cost.
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Non-Interactive Protocols
Two natural approaches:

© Bidders communicate their entire
inputs.
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Non-Interactive Protocols
Two natural approaches:

© Bidders communicate their entire inputs.
Pros. Exact answer.
Cons. Exponential communication.

© Bidders communicate a poly-size
representation of their inputs.
Pros. Polynomial communication.
Cons. Approximation ratio is
Q(y/m) [Badanidiyuru et al., 2012].
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Non-Interactive Protocols

Interestingly, one can do better than both
these approaches:
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Non-Interactive Protocols

Interestingly, one can do better than both
these approaches:

Thm [Dobzinski et al., 2014]. There exists an
O(m'/3)-approximation non-interactive pro-
tocol with poly(m,n) communication.
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Non-Interactive Protocols

Interestingly, one can do better than both
these approaches:

Thm [Dobzinski et al., 2014]. There exists an
O(m!/?)-approximation non-interactive pro-
tocol with poly(m, n) communication.

Nevertheless, non-interactive protocols can-
not obtain an efficient allocation with poly-
nomial communication.

Thm [Dobzinski et al., 2014].  Any non-
interactive poly(m,n)-communication proto-
col has an approximation ratio Q(m'/4).
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Interactive Protocols

Many interactive constant-factor approxima-
tion protocols are known for this problem
[Dobzinski et al., 2005]

[Dobzinski and Schapira, 2006]

[Feige, 2009] [Feige and Vondrak, 2006]
[Lehmann et al., 2006] [Vondrak, 2008] ...
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Interactive Protocols

Many interactive constant-factor approxima-
tion protocols are known for this problem
[Dobzinski et al., 2005]

[Dobzinski and Schapira, 2006]

[Feige, 2009] [Feige and Vondrak, 2006]
[Lehmann et al., 2006] [Vondrak, 2008] ...

In particular,

Thm [Feige, 2009]. There exists an
interactive 2-approximation protocol with
poly(m,n) communication.
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Auctions and Interaction

Do we need interaction between individuals in order to determine an
efficient allocation?

Interactive

Non-interactive
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Auctions and Interaction

Do we need interaction between individuals in order to determine an
efficient allocation? Yes!

Interactive

Non-interactive
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Auctions and Interaction

How much interaction do we need between individuals in order to
determine an efficient allocation?

Interactive

Non-interactive
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Auctions and Interaction

How much interaction do we need between individuals in order to
determine an efficient allocation?

Interactivity should be thought of as a wide spectrum!
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Combinatorial Auctions with Limited Interaction

The 2-approximation protocol of [Feige, 2009] requires poly(m,n)
many rounds of interaction.
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However, one can achieve slightly weaker approximation guarantee in
much fewer rounds of interaction!
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Combinatorial Auctions with Limited Interaction

The 2-approximation protocol of [Feige, 2009] requires poly(m,n)
many rounds of interaction.

However, one can achieve slightly weaker approximation guarantee in
much fewer rounds of interaction!

Thm [Dobzinski et al., 2014|. There exists a
polylog(m)-approximation protocol with polynomial communication

and only O(;"%™ ) rounds of interaction.
loglogm
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Combinatorial Auctions with Limited Interaction

The 2-approximation protocol of [Feige, 2009] requires poly(m,n)
many rounds of interaction.

However, one can achieve slightly weaker approximation guarantee in
much fewer rounds of interaction!

Thm [Dobzinski et al., 2014|. There exists a

polylog(m)-approximation protocol with polynomial communication

and only O(;"%™ ) rounds of interaction.
loglogm

Indeed, even a round-approximation tradeoff is known!
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Combinatorial Auctions with Limited Interaction

The 2-approximation protocol of [Feige, 2009] requires poly(m,n)
many rounds of interaction.

However, one can achieve slightly weaker approximation guarantee in
much fewer rounds of interaction!

Thm [Dobzinski et al., 2014|. There exists a
polylog(m)-approximation protocol with polynomial communication

and only O(;"%™ ) rounds of interaction.
loglogm

Indeed, even a round-approximation tradeoff is known!

Thm [Dobzinski et al., 2014]. For any r > 1, there exists an r-round
O(r - m!/™+1)-approximation protocol with polynomial
communication.
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Combinatorial Auctions with Limited Interaction

A summary of the previous work:

In (subadditive) combinatorial auctions, logarithmic number
of rounds suffices to obtain an (almost) efficient allocation
with polynomial communication.
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A summary of the previous work:

In (subadditive) combinatorial auctions, logarithmic number
of rounds suffices to obtain an (almost) efficient allocation
with polynomial communication.

Question. How much interaction is necessary for obtaining an
(almost) efficient allocation?

Similar question has been studied previously in the context of
unit-demand auctions (orthogonal to our setting):

e O(logm) rounds are sufficient [Dobzinski et al., 2014].
e Q(loglogm) rounds are necessary [Alon et al., 2015].
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Combinatorial Auctions with Limited Interaction

A summary of the previous work:

In (subadditive) combinatorial auctions, logarithmic number
of rounds suffices to obtain an (almost) efficient allocation
with polynomial communication.

Question. How much interaction is necessary for obtaining an
(almost) efficient allocation?

Similar question has been studied previously in the context of
unit-demand auctions (orthogonal to our setting):
e O(logm) rounds are sufficient [Dobzinski et al., 2014].
e Q(loglogm) rounds are necessary [Alon et al., 2015].

The case of subadditive combinatorial auctions was posed as an open
problem by [Dobzinski et al., 2014] and [Alon et al., 2015].
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Our Results

In a nutshell:
In (subadditive) combinatorial auctions, logarithmic number

of rounds is also necessary to obtain an (almost) efficient
allocation with polynomial communication.
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Our Results

Theorem

Any polylog(m)-approximation protocol for subadditive (even XOS)
combinatorial auctions that uses polynomial communication requires

Q(-95™ ) rounds of interaction.
loglogm
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Our Results

Theorem

Any polylog(m)-approximation protocol for subadditive (even XOS)
combinatorial auctions that uses polynomial communication requires

Q5 ™y rounds of interaction.
oglogm

In fact, we prove an almost tight round-approximation tradeoff.

Theorem

For any integer r > 1, any r-round protocol for subadditive
combinatorial auctions that uses polynomial communication can only
achieve an Q(% - m'/*" 1) approximation.
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A Lower Bound for r-Round Protocols

We design a hard input distribution D,.(n,.,m,) with
@ n, = k?" bidders
o m, ~ k¥*! items
@ Yes case: social welfare = k%1

@ No case: social welfare < k?"*< for every constant £ > 0.
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A Lower Bound for r-Round Protocols
We design a hard input distribution D,.(n,.,m,) with
n, = k*" bidders

m, ~ k>t items

Yes case: social welfare = k> 1,

No case: social welfare < k*"° for every constant ¢ > 0.

Any k'—¢ = m®(/")_approximation protocol distinguishes
between Yes and No cases of this distribution.

e Distinguishing between Yes and No cases requires exp(k)
communication.
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A Lower Bound for r-Round Protocols
We design a hard input distribution D,.(n,., m,) with
n, = k*" bidders

m, ~ k1 items

Yes case: social welfare = k2" 1.

No case: social welfare < k*"° for every constant ¢ > 0.

Any k'—¢ = m®(/")_approximation protocol distinguishes
between Yes and No cases of this distribution.

e Distinguishing between Yes and No cases requires exp(k)
communication.

@ A round-elimination argument: Distinguishing Yes and No cases
in distribution D,.(n,,m,) in 7 rounds is hard as in distribution
D, 1(n,—1,m,—1) in 7 — 1 rounds.
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A Hard Distribution for r-Round Protocols

@ The bidders are arbitrary partitioned
into k2 blocks each of size n,_;.

e

Global view
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@ The bidders in each block are playing in

exp(k) many instances of (r — 1)-round
problem, each over m, _ items.

Group view
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A Hard Distribution for r-Round Protocols

@ The bidders are arbitrary partitioned
into k2 blocks each of size n,_;.

@ The bidders in each block are playing in
exp(k) many instances of (r — 1)-round
problem, each over m, _ items.

@ One of the instances is chosen as special
(unknown to the group).

@ Across the blocks, items in special sets
are unique, while other items are shared.

Global view
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A Hard Distribution for r-Round Protocols

@ The bidders are arbitrary partitioned
into k2 blocks each of size n,_;.

@ The bidders in each block are playing in
exp(k) many instances of (r — 1)-round
problem, each over m, _ items.

@ One of the instances is chosen as special
(unknown to the group).
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Analysis Sketch for r-Round Protocols

@ The bidders need to solve the
(r — 1)-round special instance in their

group.

Global view
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Analysis Sketch for r-Round Protocols

@ The bidders need to solve the

(r — 1)-round special instance in their

group. ®
© The first message M of a

poly(m, n)-cost protocol 7 does not

reveal any useful information about the

special instance.

Local view
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Analysis Sketch for r-Round Protocols

@ The bidders need to solve the
(r — 1)-round special instance in their
group.

© The first message M of a
poly(m, n)-cost protocol 7 does not
reveal any useful information about the
special instance.

@ If m can solve D, in r rounds, then
7 | M should be able to solve D, ; in
r — 1 rounds.

Global view
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Analysis Sketch for r-Round Protocols

@ The bidders need to solve the
(r — 1)-round special instance in their
group.

© The first message M of a
poly(m, n)-cost protocol 7 does not
reveal any useful information about the
special instance.

@ If m can solve D, in r rounds, then
7 | M should be able to solve D, ; in
r — 1 rounds.

@ We can obtain a poly(m, n)-cost
protocol 7’ for solving D, 1 inr — 1
rounds by simulating 7 | M.

Global view
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Analysis Sketch for r-Round Protocols

@ The bidders need to solve the
(r — 1)-round special instance in their
group.

© The first message M of a
poly(m, n)-cost protocol 7 does not
reveal any useful information about the
special instance.

@ If m can solve D, in r rounds, then
7 | M should be able to solve D, ; in
r — 1 rounds.

@ We can obtain a poly(m, n)-cost
protocol 7’ for solving D, 1 inr — 1
rounds by simulating 7 | M.
Contradiction!

Global view
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Concluding Remarks
[Dobzinski et al., 2014]:

A modest amount of interaction between individuals is
sufficient for obtaining an efficient allocation.

(modest amount of interaction = logarithmic in the auction size)
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Concluding Remarks
[Dobzinski et al., 2014]:

A modest amount of interaction between individuals is
sufficient for obtaining an efficient allocation.

(modest amount of interaction = logarithmic in the auction size)

This paper:
A modest amount of interaction between individuals is also
necessary for obtaining an efficient allocation.

Open problems.

@ More restricted classes of valuation functions, e.g., submodular?
@ Tightening the gap for unit-demand bidders?

» Q(loglogm) lower bound in [Alon et al., 2015] vs O(logm)
upper bound in [Dobzinski et al., 2014].
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