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1 Introduction to Communication Complexity

Recall from Lecture 3 that we can use query complexity to prove lower bounds for sublinear time algorithms.
In a similar spirit, we can use communication complexity to prove lower bounds on the space of streaming
algorithms. We explore this approach in this lecture.

Suppose we have a Boolean function f : {0,1}" x {0,1}" — {0,1} (as before, one can consider different
domains for the function, different ranges, relations instead of Boolean functions, or even functions with
more than two arguments corresponding to multi-party communication models — for brevity, we stick to the
most basic setting in this lecture). Function f defines a communication problem as follows: there are two
players, say Alice and Bob, who get inputs = € {0,1}" and y € {0,1}", respectively, and their goal is to
compute f(x,y). For instance, in the equality problem, Alice and Bob would like to evaluate EQ(x,y) which
is defined as:

1 ife=y

0 otherwise ’

EQ(x,y) = {

namely, determine whether or not their inputs are equal.

Considering neither Alice nor Bob has the entire input on their own, the players need to communicate with
each other to determine the value of f(z,y). The communication happens according to a protocol and is
done as follows: Alice sends a single bit to Bob based solely on her input; after receiving this bit, Bob
responds back with a single bit of his own which is a function of his input and the message of Alice; the
players continue this throughout the protocol; we assume that the last bit communicated by any player is
the output of the problem (again note that for simplicity, we assume Alice and Bob are sending alternating
bits but one may also consider the case when players are communicating longer messages — we will discuss
this later in this lecture).

Alice: x Bob: y

Figure 1: Alice and Bob computing f(z,y)

The main measure of efficiency in this model is the communication cost of the protocols, defined as follows.

Definition 1 (Communication cost). The communication cost of a protocol 7, denoted by ||7||, is the
worst-case number of bits communicated between Alice and Bob in 7 over any choice of inputs z, y.

Definition 2 (Deterministic communication complexity). The deterministic communication complex-
ity of function f is defined as D(f) = min, |||, where 7 ranges over all protocols that can solve f.

Note that D(f) < 2n for any function f:{0,1}" x {0,1}" — {0,1} as Alice can send all her n-bit input to
Bob, while Bob responding with n — 1 0’s between each one (to have the alternating bit property) and then
Bob can output the final answer in another one bit.



Protocol Trees

An easy way of describing a protocol between Alice and Bob is by using a protocol tree (this should be
compared and contrasted with decision trees in query complexity defined in Lecture 3).

The protocol tree for a protocol 7 is a binary tree defined as follows. Each node of the tree has a subset S
of possible combination of z and y with the root having all possible combinations. We number the levels of
the tree from 1 at root down to the leaf-nodes. Every node of the tree has either two or zero child-nodes;
moreover, the edges going to child-nodes are labeled 0 for the left-child node and 1 with the right-child node.

At the root of the tree, the left-child node contains all (x,y) pairs such that Alice sends bit 0 for them and
the right child-node contains the (z,y) pairs where Alice sends 1 for them. We continue this way so that
whenever we are at a node N, the root-to-node path corresponds to the bits communicated so far, and the
set S of this node contains all (x,y) that are consistent with these communicated bits. Finally, the leaf nodes
of the tree are such that for (x,y) € S, f(x,y) has the same value (thus the answer is now fixed and can be
inferred directly from the transcript of the protocol).

{0, 13" < {0,1}"

0 1

Sy {0,1}" x {0,1}" S,  {0,1}" x {0,1}"

Figure 2: Example of a protocol tree

An extremely important property of communication protocols (and protocol trees) is the following so-called
rectangle property.

Theorem 3 (Rectangle Property). For a node N in the protocol tree, the set S C {0,1}" x {0,1}" assigned
to it forms a combinatorial rectangle, i.e., S = X x Y for X, Y C {0,1}" (as opposed to S being some
arbitrary subset of {0,1}" x {0,1}". In other words,

(z,y) €S
(a,b) € S

. (x,b) e S
(x,a) € S

Proof. The intuition behind the proof is that, by the definition of the protocol, any odd level node only
partitions that set of inputs to Alice in its child-nodes into two parts based on the message of Alice, and any
even level node do the same thing for the input of Bob.

More formally, we can prove this by induction on the levels of the tree. The theorem statement is clearly
true for the root node. Let N be any node in the tree and suppose the set S of node N is a combinatorial
rectangle by the induction hypothesis. Consider child-nodes Ny, N7 of N (corresponding to bit 0 and 1,
respectively), and their corresponding sets Sy and 5.

The set Sy is obtained by taking all (x,y) € S such that the protocol sends 0 as the next step for them.
Suppose Alice is the sender of this bit (i.e., N is an odd level node); the other case is symmetric. In this
case, Sp C S counsists of all (z/,y') € S = X x Y such that Alice sends 0 for them next. As the bit sent
by Alice is only a function of x and the message communicated, we can define Xy C X as all z’s for which
Alice next sends bit 0 — all y € Y are still consistent with this extra bit. As such Sy = Xy x Y, finalizing
the proof for Ny. By symmetry this also holds for S; = X; x Y, concluding the proof. O



2 Communication Complexity of the Equality Problem

Recall the equality function EQ(x,y) from the last section which checked whether or not the inputs z,y to
Alice and Bob are equal. We will prove that the communication complexity of EQ problem is Q(n).

Theorem 4. The deterministic communication complezity of Equality is D(EQ) > n.
Proof. We define the communication matriz of EQ as the following 2" x 2" dimensional matrix M := MFQ:

the rows are indexed by inputs x € {0,1}" to Alice, and the columns are indexed by the inputs y € {0,1}"
to Bob. The entry M, , = EQ(x,y), i.e., the value of the function on inputs x, y.

It is easy to see that the communication matrix M of EQ is the identity matrix, Io» (e.g., the following
matrix:

10 0 0
01 0 0
0 010
0 0 01

for n = 2.)

Now consider a protocol 7 for EQ. As the protocol tree of 7 is a binary tree with depth ||7|, it can have
at most 2™l many leaf-nodes. Moreover, by the rectangle property of communication protocols, the set
assigned to each these leaf-nodes is a combinatorial rectangle. Moreover, by definition of the protocol tree,
these combinatorial rectangles are disjoint and monochromatic, where the latter means that the value of f
over them is fixed (either all 0 or all 1).

The above discussion then simply means that a protocol 7 will partition the entries of the matrix M into 2/~
monochromatic combinatorial rectangles. On the other hand, note that no monochromatic combinatorial
rectangle in M can contain two or more entries on the diagonal. Otherwise, for (z,y) and (a,b) in the
diagonal mapped to the same rectangle, we have EQ(z,y) = 1 and EQ(a,b) = 1 but then FQ(x,b) # 1,
hence this rectangle is not monochromatic. This in particular means that there is no way of partitioning
the entries of M into monochromatic (combinatorial) rectangles, using less than 2" rectangle. As such, we
should have 2/I™lIl > 27 which means ||7|| > n, as desired. O

Remark. The techniques we used in proving the lower bound for D(EQ) is very general and can be
used for many other problems f. Basically, “all” one has to do to bound D(f), is to lower bound
the number of disjoint monochromatic (combinatorial) rectangles that can partition all entries of the
communication matrix My for f — the lower for D(f) is then the logarithm of this number.

2.1 A Streaming Lower Bound for the Distinct Element Problem

We now use our lower bound on D(EQ) from the last section to prove a lower bound on the space complexity
of deterministic streaming algorithms for the distinct element problem from Lecture 7.

This section analyzes the space complexity of DE (Distinct Element).
Problem 1. Given a stream of n elements from the universe [m], output the number of distinct elements

in the stream, denoted by DE.

We prove that any deterministic algorithm cannot solve this problem exactly in the streaming setting, unless
it uses Q(min {n, m}) bits. This (almost) matches the trivial bound upper bounds that either store the entire
stream or store one bit per each element in [m] to check whether or not the element is visited.

Theorem 5. Any deterministic streaming algorithm for computing DE exactly requires Q(min {n,m}) bits.



Proof. The proof comes from a reduction from Equality. Assume there is a deterministic streaming algorithm
A for computing det that requires s bits of space.

Now consider an instance (z,y) of EQ problem. Define the sub-streams
op:={i:x; =1} and op:={j:y; =1},

and let o := 04 o o be the concatenation of these sub-streams. Note that while ¢ is a function of both z
and y, 0 4 only depends on the input of Alice and op depends only on the input of Bob. Another important
property is that when EQ(z,y) = 1, we have DE(0) = DE(04) = DE(op), while when EQ(x,y) = 0, either
DE(o) # DE(o4) or DE(0) # DE(opR).

Now consider the following protocol « for EQ based on A. Alice generates 04 and Bob generates o (this
can be done locally). Then, Alice runs A on o4 and sends the content of the memory of the streaming
algorithm to Bob. Additionally, Alice also sends DE(c4) to Bob. Bob continue running A on o = o4 00p
by using the fact that A is a streaming algorithm and thus only needs its memory content on o4 to proceed
for the computation on op. At the end, Bob gets the answer of A on ¢ and outputs the answer to EQ(z,y)
based on whether DE(0) = DE(04) = DE(op) or not (recall that Alice also sends DE(c4) to Bob).

Using the above reduction, we obtain a deterministic protocol for EQ with communication cost s+ O(logn)
where s is the space complexity of A. Since D(EQ) > n by Theorem 4, we should have s = Q(n), finalizing
the proof. O

Remark. Again, the technique used in proving the lower bound for streaming algorithms in the above
theorem based on communication complexity is quite general. Indeed, almost all streaming lower bounds
are proven (or can be proven) through communication complexity lower bounds (although one may need
to consider much more general communication models than we considered so far).

Remark. One can extend the lower bound above to prove that any deterministic algorithm that can
even output a 1.l-approximation to DE requires 2(n) space. In order to do this, consider a subset
F C{0,1}" such that for all a,b € F, if a # b, then the support of a and b are different in at least 0.2n
entries. Using a simple probabilistic argument (or a combinatorial one), we can prove that size of F
can be as large as 2" (see Lemma 13).

We can then consider the EQ(x,y) problem where z,y € F instead of being arbitrary 0/1-strings and
prove that its communication complexity is still Q(n) (the proof is straightforward as communication
complexity of EQ is Q(log |F|) by our previous proof). Finally, we can show that using this promise
variant of the equality problem, the reduction above works even for 1.1-approximation algorithms for
DE and not necessarily only the exact ones. (It is a good exercise for the reader to formalize this proof.)

3 Randomized Communication Complexity

We now consider randomized communication complexity setting wherein Alice and Bob have access to
random bits. There are two ways of introducing random bits to the communication model: the private
coin/randomness model where Alice and Bob have access to separate sources of randomness on their own,
and the public coin/randomness model, where players have access to a shared source of randomness. Similar
to other settings, we require that a randomized protocol for a problem f to output the correct answer to
f(z,y) for any given z,y to Alice and Bob, with probability at least 2/3 (or some other constant strictly
more than half).

At first glance, the notion of public coin may sound rather strange. However, there are multiple reasons
that motivate considering public coins in addition to (or even instead of) private coins. One particularly



important reason is that public coin protocols are perhaps “mathematically nicer” to work with as they
can be considered as distributions over deterministic protocols (and hence, among many other things, follow
Yao’s Minimax Principle of Lecture 3). However, can it be that by allowing public coins, we give “too much
power” to the protocols? The answer, perhaps surprisingly at first, is No!

Theorem 6 (Newman’s Theorem). Any public coin protocol © for a communication problem f with probabil-
ity of success at least 1—e can be simulated by a private coin protocol 6 such that ||0|| < ||7||+O(logn+log1/d)
and 6 outputs the correct answer to [ with probability at least 1 —e — 6.

Proof. Recall the following additive chernoff bound (or Hoeffding inequality). Given n independent random
variables Z1,...,Z; € [0,1] and Z = Zf Z;/t, for any « > 0, we have

Pr(Z — E[Z] > a) < exp (—2a°t) . (1)
Let 7(x,y,r) denote the deterministic output of the protocol w on inputs x and y, and public randomness 7.

Define the indicator random variable Z(x,y,r) € {0,1} which is 1 iff w(z,y,r) # f(z,y), i.e., the protocol
outputs errs in the answer. By the guarantee of the protocol 7, we have that for any x,y:

E[Z(x,y,r)] = Pr(mw errs on (z,y)) < e.

T

Now, suppose we sample public coins r1,. ..,y for ¢ = [2n/6?|. By additive Chernoff bound, we have that:

t t t
PI‘ (Ei—l Zt(x?yﬂﬁl) Z €+5> S PI‘ (Zi—l Zt('r7y?rl) *E Zi:l foay7rz)] Z 5)

T1yee05Tt T1yee05Tt

< exp (—25275) < exp (—4n).

As such, by union bound over all choices of (z,y) € {0,1}" x {0,1}", we have,

t
i Z yYs e
. (exists o.) st M

T1s5Tt

> 5—1—6) < 2% . exp (—4n) < 1.

t .
Thus, one can find a collection of ¢ choices of public coins rq,...,7; such that M < e+ 0 for all
possible inputs z,y. In the following we fix such choice of r1,... ;.
The protocol § works as follows. Alice first privately samples ' € {ry,...,r;} uniformly at random and

sends it to Bob using O(logt) = O(logn + log (1/6)) bits. The players then together run the deterministic
protocol 7(z,y,r) from now on and output the same answer.

The communication cost of this protocol is clearly at most O(logn+1log (1/6)) more than the communication
cost of . Moreover, for any input (z,y):

t t
1 1
Pr(0(z,y,r") errs) = Pr m(x,y,r’) errs) = — - Pr(n(z,y,r;) errs) = — Z(x,y,r;) < e+,
s Oeper) o) = Pr (o) ) = 3 Pr(n(ag.rn) ems) = 13 2 <
by the definition of rq,...,r;. This concludes the proof. O

Remark. Newman’s theorem can be seen as a very basic pseudo-random number generator (PSG):
We were able to reduce the entire random bits needed by 7 to only O(logn + log (1/9)) bits (and thus
communicate it between the players) at the cost of only paying an additive factor of ¢ in the algorithm.
Note that aside from transforming public coins to private coins, this theorem also implies that any
constant-error protocol can be made to work with only O(logn) bits of randomness.




Equipped with Newman’s theorem, we can henceforth only focus on public coin protocols and present our
definitions only for such protocols (and if needed, one can infer the results for private coin protocols by
applying Newman’s theorem and “pay” a minimal penalty in the bounds). In the following, by randomized
protocols, we always mean public coin protocols (note that a public coin protocol does not need access to
private coins in this setting).

Definition 7 (Communication cost). The communication cost of a randomized protocol 7 is the worst-
case number of bits communicated between Alice and Bob in m over any choice of inputs z,y and the
randomness of the protocol.

We can view a public coin protocol as a distribution over deterministic protocols obtained by first using the
public coins to sample the deterministic protocol and then running the deterministic protocol on the input.
As such, we can alternatively define the communication cost of 7 as the maximum communication cost of
any deterministic protocol in the support of this distribution.

Definition 8 (Randomized communication complexity). The randomized communication complexity
of function f is defined as R(f) = min, ||«||, where m ranges over all randomized protocols that can solve f
with probability of success at least 2/3.

Similar to the query complexity setting, we also define a distributional version of communication complexity.

Definition 9. Let u be a distribution on inputs (x,y). We define the distributional communication com-
plexity of f over distribution p as D, (f) = min, ||7| where m ranges overall deterministic protocols that
output the correct answer on inputs sampled from p with probability at least 2/3.

Exactly as in the query complexity model, we also have the following implication of Yao’s minimax principle.

Proposition 10 (Yao’s minimax principle). For any communication problem f :{0,1}" x {0,1}" — {0,1},

(1) Du(f) < R(f) for all input distributions p; and,

(13) D,(f) = R(f) for some input distribution p.
Again, Yao’s minimax principle gives us a way of proving lower bounds for randomized protocols by instead
considering deterministic ones on random inputs (we typically only use the first part which follows from a

simple averaging argument — the second part implies that this approach can always gives us the tightest
possible bound if we are able to find the “right” distribution u).

A Detour: Randomized Communication Complexity of Equality

Before getting to proving lower bounds for randomized protocols, let us first see that how they can dramat-
ically be stronger than the deterministic ones.

The following randomized protocol uses only 1 bit of communication (!) to solve the equality problem with
probability of success 2/3. As such, R(EQ) = O(1) in sharp contrast with the fact that D(EQ) = Q(n).

Algorithm

1. Generate a public random string a € {0,1}" uniformly at random.

2. Alice send ¢ =Y. ; a; - #; mod 2 to Bob.

0 with prob. =1/3
;o

c= with prob. = 2/3

3. Bob also computes ¢’ = >_i"_, a; -y; mod 2, and output { 1 c
0 ow




As we already show in Lecture 6, whenever x # y,

n n 1
Pr a; - T; = a;-y; mod 2 | = —.

Moreover, whenever x = y, we clearly have ¢ = ¢. As such, when = = y, the protocol is correct with
probability 2/3 and when x # y, the protocol is correct with probability 1/3 +2/3-1/2 = 2/3.

Remark. Recall that by using Newman’s theorem, we can turn the above protocol for £Q to a one
that only uses private coins and has communication cost O(logn). One can also design such a protocol
directly by considering the input of each player as number between 0 and 2™ in the binary representation
and compare them mod some ©(logn)-bit large random prime (this is left as an exercise for the reader).
It is also worth mentioning that one can prove an Q(logn) bit lower bound on the communication cost
of any private coin protocol for the equality problem. This in turn implies the tightness of Newman’s
theorem (for constant ¢).

4 One Way Communication Complexity: The Index Problem

The equality problem should act as a reminder that proving lower bound for randomized protocols can be
considerably more challenging than deterministic ones simply because they are inherently much stronger. In
this we prove a randomized communication complexity lower bound for one of the most important commu-
nication problems in the context of streaming algorithms, the Index problem.

Problem 2. In the index communication problem Ind, Alice gets a string z € {0,1}" and Bob gets an
index i € [n]; the goal for the players is to output z;, i.e., Ind(z,i) = ;.

Before studying the communication complexity of this problem, let us see how it can be used to prove
streaming lower bounds for the distinct element problem.

Theorem 11. Any randomized streaming algorithm for computing DE exactly requires Q(R(Ind) — logn)
bits of space, where Ind is the index problem on domain {0,1}".

Proof. Assume there is a randomized streaming algorithm A for computing det that requires s bits of space.
Now consider an instance (z,¢) of Ind problem. Define the sub-streams

oa:={i:x; =1} and op = {i},

and let 0 := o400 be the concatenation of these sub-streams. Note that while o is a function of both = and vy,
o 4 only depends on the input of Alice and o depends only on the input of Bob. Another important property
is that when Ind(z,i) = 1, we have DE(¢) = DE(c4), while when Ind(x,i) = 0, DE(c) = DE(c4) + 1.

Now consider the following protocol 7 for Ind based on A. Alice generates o4 and Bob generates o (this
can be done locally). Then, Alice runs A4 on o4 and sends the content of the memory of the streaming
algorithm to Bob. Additionally, Alice also sends DE(c4) to Bob. Bob continue running A on o = o4 00p
by using the fact that A is a streaming algorithm and thus only needs its memory content on o4 to proceed
for the computation on op. At the end, Bob gets the answer of A on ¢ and outputs the answer to Ind(z, 1)
based on whether DE(0) = DE(c4) or not.

Using the above reduction, we obtain a randomized protocol for Ind with communication cost s + O(logn)

where s is the space complexity of A, finalizing the proof. O

The above theorem suggests that we can prove a lower bound for space complexity of distinct element by
lower bounding R(Ind) instead. Alas, it is easy to see that even D(Ind) = O(logn) as Bob can simply sends



his index to Alice and Alice solves the problem. This will not allows us to prove any meaningful lower bound
for the streaming distinct element problem.

Let us re-examine the protocol 7 obtained in the reduction of Theorem 11. This protocol did not involve
Bob communicating with Alice at all — only Alice sent a single message to Bob and then Bob output the
solution. Such a protocol is called a one-way protocol. As such, even if we could lower bound randomized
communication complexity of such protocols, we could still apply Theorem 11 to get a “good” lower bound
(note that in particular, the O(logn) communication protocol described above is not a one-way protocol
with only Alice speaking).

One-way Communication Complexity. Let us formalize the discussion above. In the one-way com-
munication model, we only allow Alice to send a single message to Bob and Bob then needs to output the
answer. We again define the communication cost of the protocol as the bit-length of the message of Alice.

Alice: z Bob: y — f(z,y)

Figure 3: One way communication.

We can then define:

e One-way deterministic communication complexity — B( f) := ming ||7|| where 7 ranges over all deter-
ministic one-way protocols for f;

e One-way randomized communication complexity — ﬁ( f) == min, ||| where 7 ranges over all random-
ized one-way protocols for f with probability of success at least 2/3;

e One-way distributional communication complexity — D u(f) == min, ||7|| where 7 ranges over all de-
terministic one-way protocols for f with probability of success at least 2/3 over the distribution u;

Let us examine the one-way communication complexity of Ind. It is easy to prove that B(I nd) > n as
follows: By pigeonhole principle, if the message of Alice has size less than n, then at least two different
strings z # y € {0,1}", are mapped to the same message M. Now let i be an index where x; # y;. The
output of Bob is a deterministic function of M and 7 and is thus wrong for one of z; and y;, a contradiction.

This argument however does not work for randomized algorithms when the answer is allowed to be wrong
with probability 1/3 (in fact, it is easy to see that R (Ind) < 2n/3). In the following, we are going to use a
more general argument to prove that R (Ind) = Q(n).

Theorem 12. The one-way randomized communication complexity of Index is ﬁ([nd) =Q(n).
Before getting to the proof of this theorem, we need to first prove an auxiliary lemma about a construction

of “large” family of strings in {0,1}" that are “far from” each other. Let us define the Hamming distance
between two strings x,y as the number of indices they differ from each other, i.e.,

Az, y) = [{i [ i # yi} |-

Lemma 13. For any parameter § € (0,1/4), there exists a subset F C {0,1}" with size exp ((62/4) - n)
such that for any two x #y € F, A(z,y) >n/2—46-n.

Proof. The proof is by probabilistic argument. Consider sampling two strings «,y independently and uni-
formly at random from {0,1}". Then,

E[A(z,y)] =D Pr(wi #yi) =n-(1/2) =n/2,

i=1



Moreover, A(z,y) is a sum of n independent random variables (one for each coordinate in [n]) and thus, by
Chernoff bound,

52
Pr(A(z,y) <n/2—-0-n) <Pr(|A(z,y) —E[A(z,y)]| >0 -n) <exp (2 n> .

Let t = exp ((62/4) . n) and suppose we sample strings x1, ..., z; uniformly from F. By union bound,

2 2
Pr (exists i # j with A(z;,z;) <n/2—-0-n) < (;) - exp (—62 n) <t*-exp <—62 n) =1

As such, there exists a choice of x1,...,x; that satisfy the bounds above.

Note. An alternative proof for this lemma is as follows. Greedily pick any z from {0,1}" and add it to
F; remove all strings z from {0,1}" with A(z,z) < n/2 — dn; recurse on the remaining strings in {0,1}".
Considering the number of strings that can be removed in each step is at most (n /2:2571 +1), we obtain that

Fle
(n/2—6n+1)

some calculation to simplify the above bound then allows us to prove the lemma (with similar bounds). O

Remark. The family of strings constructed in Lemma 13 and its many variants and generalizations
is extremely useful in various problems in TCS and mathematics (two entirely unrelated applications
of such family are discussed in this lecture alone). They are also closely related to some fundamental
problems such as error correcting codes or combinatorial design.

Proof of Theorem 12. We prove the lower bound for protocols of Ind that output the correct answer with
probability of success at least 0.9 as opposed to 2/3; this is without loss of generality as the communication
cost of these protocols are within a constant factor of “standard” protocols by simply running the 1/3-error
protocol in parallel O(1) time independently and taking the majority value.

We will use Yao’s minimax principle in part (i) of Proposition 10 by showing that there is a distribution pu
where D p(Ind) = Q(n) where with a slight abuse of notation, we interpret D u(Ind) here as the distributional
complexity of protocols over p that output the correct answer with probability 0.9 as opposed to 2/3 (note
that in general, unlike randomized communication complexity which only changes by a constant factor if we
change the required probability of success by a constant, the change in the distributional communication
complexity can be unbounded because we can no longer rely on boosting the probability of success).

The distribution p is as follows. Let F be the family of strings in Lemma 13 for parameter § = 0.1 and thus
for all z,y € F, A(z,y) > 0.4-n and |F| = 2%, In the distribution p, we sample 2 € F uniformly at
random and give it to Alice, and sample ¢ € [n] uniformly at random and independently and give it to Bob.

Now consider any deterministic one-way protocol 7 for Ind on the distribution g with probability of success
at least 2/3. By definition,

Pr Pr errs on input (x,7)) < 0.1;
z€F i€n] (W P ( )) -

Let F' be the subset of F where for any x € F’, 7 errs on at most 0.2 choices of index 1, i.e.:

i1€[n]

F - {x € F| Pr (w errs on input (z,7)) < 0.2} .



We have that |F'| > |F|/2 as otherwise (note that choice of ¢ and x are independent and both are uniform
over their support):

Pr Pr (m errs on input (z,i)) = Pr Pr (7 errs on input (z,7)) + Pr  Pr (7 errs on input (z,17))

z€F i€[n] z€F' i€[n] z€F\F' i€[n]
/
|}-|>__}— y (0.2) (by the definition of x € F\ F')

1
—--(0.2)=0.1
> S (02) =011,

which contradicts the first equation above.

For any © € F', let M (x) denote the message sent by Alice to Bob when her input was z (note that M (z)
is a deterministic function of z). We claim that given only M (x) for any x € F’, we can recover the string
x entirely (this is not necessarily true for all z € F). The proof is as follows.

Given M (x), define the vector y(x) € {0,1}" such that for any i € [n], y; := n(z,1), i.e., the output of the
protocol when the input to Alice is # and input to Bob is i. Note that y(z) is a deterministic function of
M (z) only. Moreover, we have (recall that A is the Hamming distance):

Ay(x),z) <0.2-n.

by the definition F’ as only 0.2 fraction of entries of y(x) can be different from z. On the other hand, for
any z € F (and thus z € F’'), we have,

Ay(z),z) > Az, z) — A(y(z), z) (by the triangle inequality as A(-,-) is a distance metric)
>04-n—02-n>02-n>A(y(x),z).

As such, given y(z), we can simply find the string w € F which minimizes A(y(x),w); by the two equations

above, this string has to be x, thus allowing us to recover = from y(x). Since y(x) itself was a deterministic

function of M (z), we obtained a one-to-one mapping from x — M (x) for all x € F'. This implies that there

needs to be |F'| = 29" - different messages sent by Alice, which means length of her message needs to be
Q(n) bits, concluding the proof. O

Detour: A Lower Bound for Index via Information Theory

Let us give an alternative proof of Theorem 12 using information theory tools for the interested readers and
to show case how much these tools can prove streaming lower bounds easier.

Information theory tools. For a random variables X, Y| H(X) denotes the Shannon entropy of X and
H(X |Y)=Ey ey H(H | Y = y) is the conditional entropy. We use the following properties of entropy:
(i) 0 < H(X) < log (|support(X)|) and the right equality holds iff X is uniform over its support.
(#4) Chain rule of entropy: H(X,Y) = H(X) + H(Y | X)
(#i7) Entropy is subadditive: H(X,Y) < H(X) + H(Y).
)

(iv) Fano’s inequality: If X is a binary random variable, and there is an estimator random variable Y and
function g such that g(Y) = X with probability at least 1 — § for § < 1/2, then

H(X | V) < Ho(8) := 6 - log (1/8) + (1 — 6) - log (1/(1 — §)).

The lower bound for Index. Consider the uniform distribution over {0,1}" for z and uniform (and
independent) distribution over [n] for 7. Also, consider any one-way deterministic protocol 7 for Index over
this distribution with probability of success 1 — ¢ for 6 < 1/2.
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Let X, M, and I denote the random variables for input of Alice, message of Alice, and index i of Bob.
Moreover, let © = X; denote the correct answer to the problem. By Fano’s inequality, and since 7 can find
the value of © given only M and I with probability at least 1 — §, we have,

H(O | M, 1) < Hy(0) @)
On the other hand, by the definition of conditional entropy,
HO|M.D)= E [EO|MI=i)]= E [HX|MI=i),
en €N

as conditioned on I = i, the correct answer to the problem is X;. Now we are going to use the fact that I
is chosen independent of X and thus the one-way message M, i.e., X, M | I. This implies that the joint
distribution of (X;, M) is independent of the event I = i (note that we are talking about X; and not X; —
there is no randomness in choice of 7 in X;, and the only randomness is in X). As such, we can remove the
conditioning on the event I = ¢ above. This implies:

1 n
H© | M,I)= I[*[] | H(X; | M) = . ZH(XZ | M) (as the distribution of ¢ is uniform over [n])
€e|n
i=1
1
>— -H(X | M) (by subadditivity of entropy)
n
1
=— - (H(X,M)—-H(M)) (by chain rule)
n
1 1
= - (H(X) + H(M | X) ~ H(M)) = © - (H(X) ~ H(M))
(by chain rule of entropy and since H(M | X) = 0 as M is deterministic conditioned on X)
1
> 1 ()
(as H(X) = n since X is uniform over 2" strings and by property (i) of entropy above)
ot
n

Plugging in this bound in the Eq (2), we get that:
7]l = (1 = Hz(6)) - n,

which is Q(n) for any constant § < 1/2 by the definition of Hy(d). Thus, we proved that the distributional
communication complexity of Index is 2(n) on the uniform distribution. The lower bound for randomized
protocols now follows from the easy direction of Yao’s minimax principle.

This concludes our lecture. We refer the interested reader to the excellent textbooks by Kushilevitz and
Nisan [2], and by Rao and Yehudayoff [3] on basic of communication complexity, and by Roughgarden [4]
for implications of communication complexity in proving lower bounds for different algorithms. An excellent
introduction to information theory and proof of the properties above can be found in Chapter 2 of the
textbook by Cover and Thomas [1].
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